Since the two free parameters have significant effect on the shape of the T-Bézier curve, a natural idea arises to find the optimal values of the two free parameters for obtaining the fairest curves. In this paper, we use approximate curvature variation minimization to obtain the optimal values of the two free parameters. By minimizing an appropriate approximate function, the unique solution can be easily obtained. We outline some examples to illustrate the effectiveness of this method.
Introduction
In the field of geometric modeling and related applications, the shapes of the curves usually require a free adjustment. In order to construct curves that can be adjusted freely, the curves of free parameters are studied by many researchers (see e.g. Bashir et al., 2013a Bashir et al., , 2016b Han et al., 2009; Misro et al., 2017; Qin et al., 2013; Yang and Zeng, 2009; Yan and Liang, 2011) . The shapes of those curves can be adjusted by altering the values of the free parameters. However, it might just have to construct the fairest curves in some cases. Therefore, a natural idea is that we can find the optimal values of the free parameters of those curves so that the curves as fair as possible.
Although the fairness of a curve is difficult to be expressed in a quantitative way, the general ways to construct the fairest curves are achieved by minimizing some energy functions. The strain energy (also called bending energy) and curvature variation energy are two widely adopted metrics to describe the fairness of a curve (Farin, 2002a (Farin, , 2008b . In recent years, a lot of works on planar G 1 or G 2 Hermite interpolation via strain energy minimization or curvature variation minimization have been proposed (see e.g. Žagar, 2011a, 2011b; Li et al., 2012; Lu et al., 2015a Lu et al., , 2015b Lu et al., , 2017c . In the paper (Han et al., 2009 ), a cubic trigonometric Bézier curve with two free parameters named T-Bézier curve is presented. An advantage of the T-Bézier curve is that the shape of the curve can be adjusted by the two free parameters even if the control points remain unchanged. In this paper, we apply the idea of energy minimization to construct the fairest T-Bézier curve. Our goal is to determine the two free parameters of the T-Bézier curve by minimizing the approximate curvature variation energy so that we can obtain the fairest curve. We observe that the expression of the approximate curvature variation energy is a quadratic function of the two unknowns and is strictly convex. Therefore, the unique solution can be easily obtained.
The rest of this paper is organized as follows. In Section 2, the definition and the shape adjustable ability of the T-Bézier curve are briefly introduced. In Section 3, the approximate curvature variation minimization approach is described. In Section 4, some examples are outlined to show the feasibility of the proposed method. A short conclusion is given in Section 5. Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) 
where
are four different control points, and 
being free real parameters. An advantage of the T-Bézier curve is that the curve has two freedoms even if the control points remain unchanged. That means the shape of the T-Bézier curve can be adjusted freely by the two free parameters  and  . Fig. 1 shows the open T-Bézier curves with ( , ) ( 2, 1)
The control points of the curves are taken as 0 (0, 0) Summarizing, the two free parameters of the T-Bézier curve can be taken as any values according to different application requirements. Alternatively, one can find the optimal values of the two free parameters by minimizing some energy functions to obtain the fairest T-Bézier curves. In this paper, we use approximate curvature variation energy function minimization to achieve this goal.
Approximate curvature variation minimization
The curvature variation energy (Farin, 2008) of the curve ( ) t r is defined by
represents the first derivative of ( ) t  , ( ) t  r and ( ) t  r represents the first and the second derivative of ( ) t r respectively.
Because the curvature variation energy (3) is highly nonlinear, one may use some approximate forms to simplify the calculation. In the paper (Lu, 2015) , the curvature variation energy is approximated by
For convenience, we rewrite (2) as 
b t t t t b t t t t t b t t t t t b t t t t
By (5), we can express (1) as,
   p p p , and
( ) 1 sin 2 sin 1 sin 2 cos 1 cos 1 cos
By (6), we have
For given control points ( 0,1, 2,3) i i  p , we can get the following real constants, Since we want to find the optimal values of the two free parameters by minimizing the approximate curvature variation energy, we can obtain the following optimization model, Li, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) Fig . 6 The T-Bézier curve with an inflection point obtained by the approximate curvature variation minimization (solid), the classical cubic Bézier curve (dashed), and the corresponding curvature plots.
Conclusion
This paper presents a method for obtaining the fairest T-Bézier curves by minimizing the approximate curvature variation. Our method focuses on how to find the optimal values of the two free parameters, which is achieved by minimizing an appropriate approximate function. Some examples show the feasibility of our method. Similarly, we can also apply the proposed method to determine the free parameters of other curves (see e.g. Bashir et al., 2013a Bashir et al., , 2016b Misro et al., 2017; Qin et al., 2013; Yang and Zeng, 2009; Yan and Liang, 2011 ) to obtain the fairest curves in terms of approximate curvature variation energy.
